We derive an effective Hamiltonian that takes into account the quantum nature of phonons and models cooperative Jahn-Teller effect in the adiabatic regime and at strong electron-phonon coupling in one dimension. Our approach involves mapping a strong-coupling problem to a weak-coupling one by using a duality transformation. Subsequently, a sixth-order perturbation theory is employed in the polaronic frame of reference where the small parameter is inversely (directly) proportional to the coupling (adiabaticity). We study charge and orbital order in ferromagnetic manganite chains and address the pronounced electron-hole asymmetry in the observed phase diagram. In particular, at strong coupling, we offer an explanation for the observed density dependence of the wavevector of charge modulation, i.e., wavevector is proportional to (independent of) electron density on the electron-doped (hole-doped) side of the phase diagram of manganites. We also provide a picture for the charge and orbital order at special fillings , we find that Wigner-crystal arrangement is preferred over bi-stripe order.
We derive an effective Hamiltonian that takes into account the quantum nature of phonons and models cooperative Jahn-Teller effect in the adiabatic regime and at strong electron-phonon coupling in one dimension. Our approach involves mapping a strong-coupling problem to a weak-coupling one by using a duality transformation. Subsequently, a sixth-order perturbation theory is employed in the polaronic frame of reference where the small parameter is inversely (directly) proportional to the coupling (adiabaticity). We study charge and orbital order in ferromagnetic manganite chains and address the pronounced electron-hole asymmetry in the observed phase diagram. In particular, at strong coupling, we offer an explanation for the observed density dependence of the wavevector of charge modulation, i.e., wavevector is proportional to (independent of) electron density on the electron-doped (hole-doped) side of the phase diagram of manganites. We also provide a picture for the charge and orbital order at special fillings , and 1 5 ; while focusing on the ordering controversy at fillings 1 3 and 1 4 , we find that Wigner-crystal arrangement is preferred over bi-stripe order. 
I. INTRODUCTION
Various transition-metal oxides such as manganites [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] , cuprates [15] , nickelates [16] , cobaltates [17] , etc. display clear evidence for stripe-like magnetic and charge orders. In doped Mott insulators such as cuprates and nickelates, it has been argued that stripes are generated by the competition between the clustering tendency of the doped holes (in regions of suppressed antiferromagnetism) and the long-range Coulomb interactions [18] . On the other hand, properties in manganites arise as a compromise between the tendency of the carriers to delocalize owing to the kinetic energy and their propensity to localize due to a strong cooperative Jahn-Teller (CJT) effect and the antiferromagnetic (AFM) interaction between the Mn core spins. Here, we show that the CJT effect produces long-distance repulsion thereby enabling stripe formation.
Perovskite manganites R 1−x A x MnO 3 (R = La, Pr, Sm, etc., A = Sr, Ca, etc.) exhibit a zoo of exotic phases involving a variety of spin, charge, and orbital textures/stripes. The stripe phases involve A-, C-, or CEtype antiferromagnets [19] ; they manifest charge orders that have doping dependent wavevectors above x = 0.5 and doping independent wavevectors below x = 0.5 [7, 20] ; and reveal C-type, ferro-type, Wigner-crystal/bistripe orbital orders [21] .
Among the charge-ordered manganites, low-bandwidth manganites such as Pr 1−x Ca x MnO 3 (PCMO) display charge-ordering for fairly large range of doping, namely, 0.3 ≤ x ≤ 0.75 [1, 19, 22] ; whereas intermediatebandwidth manganites such as La 1−x Ca x MnO 3 (LCMO) exhibit charge-ordering for 0.5 ≤ x ≤ 0.8 [23, 24] . At x = 0.5, checker-board charge ordering is manifested in both PCMO and LCMO with ordering wavevector k = 0.5a
* , where a * is reciprocal lattice vector [19, 21] . On the other hand, at x = 2/3 and x = 3/4 there is a controversy whether a bi-stripe order or a Wigner-crystal order is realized by the system [9, 23, 25, 26] . Furthermore, for 0.8 x 0.85 in LCMO, orbital order (without charge order) involving d z 2 orbitals along ferromagnetic chains in a C-type antiferromagnet has been reported [23] . Additionally, at 0.3 < x < 0.5 in Pr 1−x Ca x MnO 3 , it has been claimed that CE-type checker-board order (corresponding to x = 0.5) is retained with excess electrons occupying the Jahn-Teller compatible d z 2 orbitals at the empty sites of the checker board [19] . Here, we present a scenario for Wigner-crystal states at x = 2/3 and x = 3/4 and a C-AFM state for x 0.8. Furthermore, we also offer an explanation for the Jahn-Teller compatible states realized for x < 0.5 in narrow-band compounds such as PCMO.
Evidence of sizeable local Jahn-Teller distortions indicating strong electron-phonon coupling has been provided in manganites by direct techniques such as extended x-ray absorption fine structure [27] and pulsed neutron diffraction [28] . For a long time, charge ordering in the overdoped regime (x > 0.5) was considered arising from ordered arrangement of Mn 3+ and Mn 4+ ions, i.e., stripes of localized charges [29] ; for arbitrary dopings, charge-ordering was thought to be a fine mixture of two adjacent commensurate configurations according to the lever rule [25] . This scenario (purported to result from strong-coupling) has been questioned based on experiments which show that the charge modulation continues to be uniform when passing from commensurate to incommensurate filling [6, 7] . In this article, we show that even strong coupling at an incommensurate filling produces a finite peak in the structure factor with wavevector that is linearly dependent on filling ν (= 1 − x) and rules out charge stacking faults.
As regards theoretical efforts, double exchange, superexchange, and Coulombic repulsion have been utilized to study manganites. Jahn-Teller effect (without cooperativity) was used additionally to explain colossal magnetoresistance in the conducting regime of the manganites [30, 31] . On the other hand, a number of experiments suggest Jahn-Teller effect, with cooperativity, to be crucial in stabilizing charge ordering in LCMO (at x ≥ 0.5) and PCMO (at x > 0.3) [1, 26, [32] [33] [34] . However, an effective Hamiltonian that models CJT effect is yet to be developed; consequently, there does not exist a unified picture that explains the rich phase diagram of manganites. In the present work, employing perturbation theory up to sixth order, we obtain an effective Hamiltonian that models CJT effect (by taking into account quantum phonons) in the intermediate-and narrow-band manganites in one dimension. In these lower tolerance materials, the small parameter is sufficiently small since it is directly proportional to the adiabaticity which is not too large and inversely proportional to the electronphonon coupling which is large due to large polaronic distortion [35] . Our study is relevant to the insulating regime x ≥ 0.5 (x ≥ 0.3) of intermediate-(narrow)-band manganites where either zigzag or straight ferromagnetic chains are antiferromagnetically coupled. In our onedimensional model, we demonstrate particle-hole asymmetry by obtaining the observed CDW-wavevector dependence on density [7, 20] .
II. EFFECTIVE POLARONIC HAMILTONIAN
We consider a one-dimensional Jahn-Teller chain with cooperative electron-phonon interaction along the zdirection and non-cooperative electron-phonon interaction (of the Holstein-type [36, 37] ) along the x-and y-directions as shown in Fig. 1 . We consider spinless fermions so as to model the physics of ferromagnetic chains. We write the Hamiltonian for cooperative-JahnTeller chain as follows (see Appendix A for details): 
where
. The details of the exact transformation along with the perturbation theory are given in Appendix B. For realistic values of adiabaticity and electron-phonon coupling in manganites, we need to retain dominant terms up to sixth order in perturbation as will be explained below. Now, while performing perturbation theory, the NN repulsion between two d 1 -electrons must be carefully accounted for; hence, in the dominant-interaction processes considered in Fig. 2 
The second-order term reads as follows:
where P k+1 ≡ (1 − n 1,k+1 )(1 − n 2,k+1 ) projects out electrons at site k + 1. In the above equation, on the righthand side (RHS), the expression containing d † 1,k+2 d 1,k in the first term represents next-nearest-neighbor (NNN) hopping as displayed in Fig. 2 (a) (see Appendix B and Ref. 39 for details). It should be noted that Fig. 2(b) does not contribute to the second-order term since NN repulsion is large. The expression containing n 1,k (1 − n 1,k+2 ) in the second term on the RHS corresponds to Fig. 2(c) and Figs. 3(a) and 3(b); here, NNN site is unoccupied by d 1 -electron and the lattice distortion remains unchanged while the electron hops to the neighboring site and returns back. The denominator 2E p + 2V p in the second term on the RHS is the difference of the energies of the intermediate state and the initial state; the origin of the denominator is explained as follows. The initial state shown in Fig. 3 (a) has energy −E p whereas the intermediate state depicted in Fig. 3(b) has energy E p + 2V p ; in the energy of the intermediate state, +E p arises due to the distortion without the electron whereas 2V p contribution is from the repulsion between the electron and the oxygen ion displaced towards it. Next, the expression containing n 1,k n 1,k+2 in the the last term on the RHS is depicted in Fig. 2 
Thus we have shown that the polaronic (Lang-Firsov) transformation is actually a duality transformation that maps the original strong-coupling problem in Eq. (1) [with perturbation proportional to (gω 0 )/t] to a weak-coupling problem [with small parameter proportional to t/(gω 0 )] [41] .
The dominant contribution for the next-to-nextnearest neighbor (NNNN) interaction is given by fourthorder processes and expressed below (for clarity on the associated lattice distortions, see 
In the above equation, the expression containing n 1,k 1− 
Then, up to sixth order in perturbation, the effective Hamiltonian for the CJT chain is given by
Interestingly, in our effective Hamiltonian, presence of an in-between electron completely blocks the repulsion between the two surrounding electrons, i.e., screening is 100% in contrast to long-range Coulomb repulsion. Here, it should also be pointed out that odd order (such as third or higher order) in perturbation theory leads to hopping terms that are negligible compared to all the terms (including the NN and NNN hopping terms) in Eq. (9).
III. ANALYSIS OF CJT MODEL
Owing to the large on-site inter-orbital repulsion, there exists only three possibilities, i.e., site is unoccupied or occupied by either a d 1 -electron or a d 2 -electron. The size of the Hilbert space is 3 N where N is the total number of sites. However, for a fixed number N 1 of d 1 -electrons and N 2 of d 2 -electrons, it further reduces to N C Np × Np C N1 with N p = N 1 + N 2 being the total number of particles. We diagonalize the effective Hamiltonian in Eq. (9) using modified Lanczos algorithm [42] for fixed values of N , N p , and N 1 to obtain the minimum energy state of the system when electron-phonon coupling g = 2.3 and adiabaticity t ω0 = 3.0.
To identify the charge and orbital ordering, we study the correlations of the particles. The two-point correlation function for density fluctuations of d a(b) -electrons with a(b) = 1, 2 is given by
where n a,j = Na N . Then, the observable structure factor is expressed as the Fourier transform of W dad b (l) as follows:
where the wavevector k = 
A. Up to half-filling case
We display lowest energies of the CJT system as a function of number of d 2 -electrons in Fig. 4(a) . We observe from this figure that, for the ground state up to half filling, electrons occupy only the d z 2 orbitals whereas d x 2 −y 2 orbitals remain unoccupied. Hence, up to half filling, i.e., ν = Np N ≤ 1 2 , we need to consider only one-orbital case for further study. Consequently, in the ground state, N p = N 1 as N 2 = 0 and the Hilbert space reduces to N C N1 for a fixed number of particles. Instead of using modified Lanczos algorithm, we do full exact diagonalization of the effective Hamiltonian in Eq. (9) so as to avoid problems due to degeneracy; we calculate correlation functions, structure factor, and excitation energies.
At strong coupling and in the adiabatic regime which are relevant to the manganites, we will analyze correlation function and structure factor for the ground state. We display the two-point correlation function in Fig. 4(b) ; we observe that the system at strong coupling and in the adiabatic regime has oscillatory correlation function with fixed amplitude for special fillings such as 4 . At the above mentioned special fillings, from the excitation gaps in Table. I and Fig. 4(b) , it is evident that the system has an insulating CDW state with ordering wavevector 2πν as depicted by structure factor peaks in Fig. 4(c) . For special fillings, as will be explained below, S d1d1 (k) peaks attain their maximum value for k = 2πν and zero everywhere else when the particles are strongly localized at their respective periodic positions in the lattice.
Away from the above mentioned special fillings, system does not have long range order as reflected by the not so regular behavior of the correlation function in Fig. 4(b) . Away from special fillings, system has short range correlations corresponding to the wavevector 2πν as shown by the peak in the structure factor in Fig. 4(c) . In contrast to special fillings, structure factor for non-special fillings The chain has N = 12 sites and Np electrons of which N2 are d2-electrons; electron-phonon coupling g = 2.3 while adiabaticity
2 ; and we get charge order with
p /N at the reported wavevector k = 2πν [7, 20] and 0 otherwise.
is not zero away from k = 2πν. As will be shown below, at ν = 1/n with n being an integer, the system is metallic in the absence of disorder; whereas, in the presence of even weak disorder, the system becomes insulating with a finite peak expected in the structure factor at k = 2πν.
At special fillings ν = 1/n with n being an integer, when system is in a charge ordered state with particles separated by distances m/ν, it is interesting to note that we can simplify Eqs.(10) and (11) in the following way. Since particles are absent at a distance l = m ν where m = 1, . . . , N ν, n 1,j n 1,j+l = 0. Therefore, Eq. (10) reduces to
When particles are present at a distance l = m ν , j n 1,j n 1,j+l = N p . Hence, Eq. (10) simplifies to
Now, the contribution of the correlation term j n 1,j n 1,j+l to the structure factor is given by [see Eqs. (10) and (11)]
On the other hand, contribution of the mean-field term j n 1,j n 1,j+l to the structure factor is
Next, from Eq. (14), we note that S 
where 4N ν 2 is the maximum possible value for S d1d1 (k); it also follows that
At special fillings ν = (12) and (13) for CDW state, are in complete agreement with those in Fig. 4(b) ; furthermore, Fig. 4 (c) exactly matches with Eq. (16) at wavevector k = 2πν and with Eq. (17) when k = 2πν. The fact that the structure factor peaks at k = 2πν at all fillings (including ν = 1/n) is in agreement with experimental observations [7, 20] . Furthermore, at ν = 1/n, the peaks at k = 2πν attain their maximum possible value (indicating charge order) similar to the case in Fig. 4 of Ref. 6 where the peak at k = 2πν is at its allowed maximum by being approximately equal to the peak at k = 0. Next, at ν = 1/n, peak values are sizeably smaller than the maximum possible value 4N ν 2 much like the situation in Ref. 6 where peak values at k = 2πν are much smaller than those at k = 0. Here, it should be pointed out that our structure factor at k = 0 becomes zero and not its maximum [as in Fig. 4 and N = 20 sites in a straight chain with periodic boundary condition. CDW occurs only at large values of g with modulation wavevector k = 2πν.
At the special filling ν = 1/2, NNN repulsion, NNNN repulsion, and NNNNN repulsion, in the total effective Hamiltonian of Eq. (9) are small compared to the strong NN repulsion term. Therefore, it is the NN and NNN hopping terms in Eq. (9) that compete with the NN repulsion term. For realistic values of adiabaticity and coupling relevant to the manganites, NN repulsion is extremely large compared to either of the hopping terms and this leads to a CDW state at half filling. Similarly, at 1 3 filling repulsion terms up to NNN and at 1 4 filling repulsion terms up to NNNN will be relevant and will compete with the NN and NNN hopping terms.
We will now present arguments to show that, in the absence of disorder, the system is metallic away from special fillings ν = 1/n. At fillings 1/3 < ν < 1/2, our effective Hamiltonian in Eq. (9) can be represented by a t 1 − t 2 − V 1 − V 2 model of spinless fermions where t 1 and t 2 are the NN and NNN hopping terms, respectively; V 1 and V 2 are the NN and NNN repulsion terms with V 1 >> V 2 >> t 2 t 1 . By using arguments employed in Refs. 40 and 43, this t 1 − t 2 − V 1 − V 2 model can be further simplified. Due to the large NN repulsion V 1 , with each particle we associate a vacant site adjacent to it (say, on the right side of the particle). Then by deleting all the vacant sites that are adjacent on the right-side of the particles and having only a NN repulsion V = V 2 in the reduced system of N − N p sites, we get the same eigenenergy spectrum. The effective model for Eq. (9) is . ∆gap >> (E1 −E0) indicates CDW.
the following reduced t 1 − t 2 − V model
at fillings 1/2 < ν = N p /(N − N p ) < 1 and with a new nearest-neighbor repulsion V = V 2 . Next, at fillings 1/4 < ν < 1/3, Eq. (9) can be represented by a t 1 − t 2 − V 1 −V 2 −V 3 model with V 3 being the NNNN repulsion and V 2 >> V 3 >> t 2 t 1 ; this model can again be reduced to the above t 1 −t 2 −V model at fillings 1/2 < ν = N p /(N − 2N p ) < 1 and with a new nearest-neighbor repulsion V = V 3 . Similarly, the case of fillings 1/5 < ν < 1/4 can be represented by a t 1 − t 2 − V 1 − V 2 − V 3 − V 4 model where V 4 is the NNNNN repulsion with V 3 >> V 4 >> t 2 t 1 ; here too the effective model is the reduced t 1 − t 2 − V model at filling 1/2 < ν = N p /(N − 3N p ) < 1 and with a new nearest-neighbor repulsion V = V 4 . We observe that the reduced effective t 1 − t 2 − V model at 1/2 < ν < 1 is effectively a t 1 − V model as NNN hopping is not possible at 1/2 < ν < 1; thus our system is a Luttinger liquid and hence is metallic. However, in the presence of even weak disorder, the effective Hamiltonian in Eq. (9) yields an insulating behavior due to one-dimensionality. Here it should be pointed out that a source of disorder in manganites is alkaline-earth doping. Lastly, to calculate the correlation functions, we note that one needs to use the effective Hamiltonian in Eq. (9) and not the reduced
We will now discuss the effect of adiabaticity and electron-phonon coupling on CDW. When the electronphonon coupling g and adiabaticity t/ω 0 are varied in the physically reasonable ranges 1.8 ≤ g ≤ 2.3 and 2.0 ≤ t/ω 0 ≤ 3.0, the system remains in a CDW state at the special fillings . On the other hand, at ν = 1/5 and in the adiabaticity region 2.0 ≤ t/ω 0 ≤ 3.0, the system develops a CDW only at large values of g (i.e., g ≈ 2.3) as shown in Fig. 5 and Table. I. Lastly, at fillings ν < 1/5, the system will be metallic; however, introducing disorder will make the one-dimensional system insulating.
1.
Types of chains and ordering at special fillings ν = 1/n In this section, at special fillings ν = 1/n, we will compare the various possibilities depicted in Fig. 6 for the charge/orbital ordered ferromagnetic chains that are antiferromagnetically coupled [44] . In Figs. 6(a), 6(c),and 6(f), the dominant interaction is − t 2 2Ep+2Vp+αvVp where 0 < α v < 2; in fact, it can be shown that α v = 25/32. On the other hand, in Figs. 6(d) and 6(g) , the dominant term is − t 2 2Ep+2Vp . Hence, clearly the chain in Fig. 6(d) [Fig. 6(g) ] is energetically favorable compared to the chain in Fig. 6(c) [Fig. 6 (f) ]. Thus we see that the Wigner-crystal arrangement associated with Fig. 6(d) [ Fig. 6(g) ] should be preferred over the bi-stripe arrangement associated with Fig. 6(c) [Fig. 6(f) ] at filling ν = 1/3 [ν = 1/4].
In Fig. 6(b) , the dominant interaction is − t 2 2Ep+2Vp+2Vp ; hence, the bent chain in Fig. 6 (a) has lower energy compared to the straight chain in Fig. 6(b) . Next, in Fig. 6(d) [Fig. 6(g) ], the NNNN [NNNNN] interaction obtained due to the left-side electron virtually hopping (to the right and returning) in a fourth-order [sixth-order] perturbation theory in the case of the bent chain is given by −
; whereas, for the straight chain in Fig. 6(e) [Fig. 6(h) ], the corresponding NNNN [NNNNN] interaction is given by −
. Thus, we see that the Wigner-crystal order pertaining to Fig. 6(d) [Fig. 6(g) ] is energetically preferred over the C-AFM state in Fig. 6 (e) [ Fig. 6(h)] .
Lastly, at ν = 1/5, if the NNN hopping term is more important than the interaction from sixth-order perturbation − t 6 (2Ep+2Vp) 2 (2Ep) 3 , the energy (essentially from the kinetic part) is lower for the straight chain than for the bent chain because the NNN hopping over the bend is smaller (by a factor of half) compared to the NNN hopping along the straight chain. Consequently, at ν = 1/5, the straight chain (without CDW order) is preferred over the bent chain; additionally, straight chain without CDW will continue to be preferred even for ν < 1/5 and we get C-AFM order (instead of a Wigner crystal) at ν ≤ 1/5 as witnessed in LCMO [23] .
B. Above half-filing case
For the situation where the CJT system is above halffilling, we display the lowest energies as a function of number of d 2 -electrons in Fig. 7(a) . In the ground state, we observe that the electrons occupy both d z 2 and d x 2 −y 2 orbitals and that the system has degenerate states identifiable by the number (N 2 ) of d 2 -electrons in the degenerate state. For 1/2 < ν < 1, the number of degenerate states in a ground state is given by N p − N 2 . Now, to understand the site occupancy in the ground state, we note that there is no repulsion between a pair of either d 1 -electron and d 2 -electron or two d 2 -electrons [as can be seen in Eq. (9)]. For the above half-filling case, in order to avoid the large NN repulsion between d 1 -electrons, N 2 electrons occupy d z 2 orbitals in a sub-lattice and excess electrons occupy d x 2 −y 2 orbitals at random sites in the remaining sub-lattice. Degenerate states with different values of N 2 arise from the fact that a d 1 -electron sandwiched between two d 2 -electrons can be replaced by a d 2 -electron without altering the energy when the onsite inter-orbital repulsion is infinite. This degeneracy keeps the charge ordering intact, though, it destroys the orbital ordering. In the realistic situation of large but finite onsite inter-orbital repulsion, the configuration with the lowest number of d 2 -electrons yields the lowest energy as it permits virtual hopping of the d 1 -electron to a site with a d 2 -electron and returning back.
Next, at ν > 1/2 when both d 1 -electrons and d 2 -electrons are present, we study correlation functions and structure factors. If all the d 1 -electrons belong to one sub-lattice and the d 2 electrons belong to the other sublattice, then for all odd values of l = l odd we obtain n a,j n a,j+l = 0 and for all even values of l = l even we get n a,j n b,j+l = 0 with a = b. Consequently, Eq. (10) yields
where a = 1, 2 and
with a = b. If the d 2 -electrons occur randomly in one sublattice, for l = l odd and a = b, we get the simplification n a,j n b,j+l = 2 n a,j n b,j+l ; then, Eq. (10) reduces to
Furthermore, at wavevector k = π, the structure factor expressed in Eq. (11) 
value [40] :
We display the structure factor for d 1 -electrons in Fig. 7(b) . The structure factor peaks at the wavevector k = π and zero everywhere else indicating a CDW at the reported ordering wavevector k = π [7, 20] ; the peak value [S d1d1 (k = π) = 12 is in agreement with the value given by Eq. (21). Hence, above half filling, all the d 1 -electrons reside only in one sub-lattice to avoid large NN repulsion between them. Finally, we depict the correlation between d 1 -electrons and d 2 -electrons in Fig. 7(c) (9)], we note that the d 2 -electrons occupy Jahn-Teller compatible sites just as d z 2 electrons in CE-phase of PCMO at 0.3 < x < 0.5 [19] .
Therefore, above half filling, system always remains in a CDW state and an orbital-density-wave state both with the same ordering wavevector k = π.
IV. CONCLUSION
Transition-metal oxides offer considerable scientific and technological opportunities [49] . An effective Hamiltonian (such as ours) for the CJT effect is a needed building block for modeling oxides and for aiding material synthesis.
Duality transformation is a valuable tool in understanding strongly interacting systems in condensed matter physics, statistical physics, quantum field theory, and string theory [45] [46] [47] [48] . In this work, we demonstrate that the polaronic (Lang-Firsov) transformation is actually a duality transformation which maps a strong-coupling, many-body problem (where the perturbation is proportional to gω 0 /t) to a weak-coupling, tractable many-body problem (where the small parameter is proportional to t/(gω 0 )). Using perturbation theory (up to sixth order), we obtain our effective Hamiltonian containing the dominant terms for interactions at various distances.
Employing our effective Hamiltonian, we find that cooperative Jahn-Teller interaction in two-band manganites R 1−x A x MnO 3 breaks the particle-hole symmetry, i.e., ordering wavevector k = 2π(1 − x) [k = π] for doping fraction x ≥ 0.5 [x < 0.5]. Our cooperative picture favors a Wigner-crystal order over bi-stripe order at special fillings 1/3 and 1/4, thereby shedding light on an existing controversy. Additionally, at ν = 1/2, 1/3, and 1/4, we show that zigzag chains (pertaining to Wignercrystal order) are energetically favorable compared to straight chains; on the other hand, at a lower filling ν = 1/5, we demonstrate that straight chains pertaining to C-AFM order can be realized. Lastly, even within a strong-coupling picture, we show for fillings ν = 1/n that electron diffraction patterns can have finite-peak intensities at wavevector k = 2πν.
In future, we would like to apply our approach to other transition-metal oxides such as nickelates, cobaltates, etc. and study charge stripes at various fillings.
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nature of the phonons. Then, the lattice Hamiltonian is given by 
We note that the coefficients of the terms n 1,k , n 2,k , and n 1,k n 2,k in the above equation are much smaller than the coefficients of the same terms in Eq. (B1); consequently, we ignore the contribution from Eq. (B6) in the expression for the effective Hamiltonian of the CJT chain.
In this appendix, we obtain simple expressions for the function G n (α 1 , α 2 , . . . , α n ) appearing in Appendix B. The general term G n (α 1 , α 2 , . . . , α n ) is defined as G n (α 1 , α 2 , . . . , α n ) ≡ F n (α 1 , α 2 , . . . , α n ) and the summation over c represents summing over all possible n C k combinations of k arguments chosen from the total set of n arguments {α 1 , α 2 , . . . , α n }.
We evaluate the derivative of the general term G n (α 1 , α 2 , . . . , α n ) with respect to g 2 : 
Then, the general term is obtained to be
For large values of g 2 , we have the approximation 
